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ORBIFOLDS OF LATTICE VERTEX ALGEBRAS 
UNDER AN ISOMETRY OF ORDER TWO 


BOJKO BAKALOV AND JASON ELSINGER 

Abstract. Every isometry cr of a positive-definite even lattice 
Q can be lifted to an automorphism of the lattice vertex algebra 
Vq . An important problem in vertex algebra theory and conformal 
field theory is to classify the representations of the cr-invariant 
subalgebra Vq of Vq , known as an orbifold. In the case when cr is 
an isometry of Q of order two, we classify the irreducible modules 
of the orbifold vertex algebra Vq and identify them as submodules 
of twisted or untwisted Vg-modules. The examples where Q is a 
root lattice and cr is a Dynkin diagram automorphism are presented 
in detail. 


1. Introduction 

The notion of a vertex algebra introduced by Borcherds inn pro¬ 
vides a rigorous algebraic description of two-dimensional chiral confor¬ 
mal held theory (see e.g. [BPZl IGol IDMSj ). and is a powerful tool for 
studying representations of inhnite-dimensional Lie algebras. The the¬ 
ory of vertex algebras has been developed in jFLM2( IK2( IFB( ILLl IKRRj 
among other works. One of the spectacular early applications of ver¬ 
tex algebras was Borcherds’ proof of the moonshine conjectures about 
the Monster group (see [B2103), which used essentially the Frenkel- 
Lepowsky-Meurman construction of a vertex algebra with a natural 
action of the Monster on it |FLM2] . 

The FLM vertex algebra was constructed in three steps (see |FLM21 
m)- First, one constructs a vertex algebra Vq from any even lat¬ 
tice Q (see |B11 IFLM^ i by generalizing the Frenkel-Kac realization of 
affine Kac-Moody algebras in terms of vertex operators HH. Second, 
given an isometry a of Q, one lifts it to an automorphism of Vq and 
constructs the so-called cr-twisted Vg-modules |D2l IFFR] that axiom- 
atize the properties of twisted vertex operators |KP1 ILel IFLMlj . Then 
the FLM vertex algebra is dehned as the direct sum of the cr-invariant 


Date: February 17, 2015; Revised July 17, 2015. 

2010 Mathematics Subject Classification. Primary 17B69; Secondary 81R10. 
The first author was supported in part by a Simons Foundation grant. 

1 






























2 


BOJKO BAKALOV AND JASON ELSINGER 


part Vq and one of the cr-twisted Vg-modnles, in the special case when 
cr = — 1 and Q is the Leech lattice. 

In general, if a is an antomorphism of a vertex algebra V, the a- 
invariants V‘^ form a snbalgebra of V known as an orbifold, which 
is important in conformal field theory (see e.g. IDVVVl [KTl IDLMl] 
among many other works). Every a-twisted representation of V be¬ 
comes nntwisted when restricted to E®". It is a long-standing conjec- 
tnre that all irredncible E'^-modnles are obtained by restriction from 
twisted or nntwisted E-modules. Under certain assnmptions, this con¬ 
jecture has been proved recently by M. Miyamoto |M11 IM21 IM3j . and 
he has also shown that the vertex algebra U®" is rational, i.e., every 
(admissible) module is a direct sum of irreducible ones. 

In this paper, we are concerned with the case when Q is a positive- 
dehnite even lattice and a is an isometry of Q of order two. We classify 
and construct explicitly all irreducible modules of the orbifold vertex 
algebra Vq , and we realize them as submodules of twisted or untwisted 
Vg-modules. In the important special case when a = —1, the classihca- 
tion was done previously by Dong-Nagatomo and Abe-Dong [DN( lAD] . 
Our approach is to restrict from Vq to V£ where L is the sublattice 
of Q spanned by eigenvectors of a. The subalgebra V£ factors as a 
tensor product Vl+ <8 V£_, where L± consists of a G Q with aa = ±a, 
respectively. By the results of [DLM21 [ABDI [DJL] . every V^-module is 
a direct sum of irreducible ones. We describe explicitly the irreducible 
V^-modules using |FHL[ IDNl lAD] . and then utilize the intertwining 
operators among them jATlIADL] to determine the irreducible Vq- 
modules. A new ingredient is the introduction of a sublattice Q of Q 
such that ^Q = Vq and a has order 2 as an automorphism of Vq (while 
in general a has order 4 on Vq). 

Our work was motivated by the examples when Q is the root lattice 
of a simply-laced simple Lie algebra and a is a Dynkin diagram au¬ 
tomorphism, which are related to twisted affine Kac-Moody algebras 
lEl- We also consider the case when a is the negative of a Dynkin 
diagram automorphism, which is relevant to the Slodowy generalized 
intersection matrix Lie algebras [SI IBej . 

The paper is organized as follows. In Section [21 we briefly review 
lattice vertex algebras and their twisted modules, and the results for 
cr = — 1 that we need. Our main results are presented in Section [31 
The examples when Q is a root lattice of type ADE are discussed in 
detail in Section [H 
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2. Vertex algebras and their twisted modules 


In this section, we briefly review lattice vertex algebras and their 
twisted modules. We also recall the case when a = —1, which will be 
used essentially for the general case. Good general references on vertex 
algebras are |FLM21 EH EHl ILD KM]. 


2.1. Vertex algebras. Recall that a vertex algebra is a vector space 
V with a distinguished vector 1 E V (vacuum vector), together with a 
linear map (state-field correspondence) 

(2.1) V(-, zy:V0V^ V{{z)) = V[[;^]][W']. 

Thus, for every a E V, we have the field Y{a,z): V -E- V((z)). This held 
can be viewed as a formal power series from (End V)[[ 2 ;, 2 ;“^]], which 
involves only finitely many negative powers of z when applied to any 
vector. 

The coefficients in front of powers of z in this expansion are known 
as the modes of a: 

(2.2) V(a, z) = ^a(„) a(„)eEndV. 

The vacuum vector 1 plays the role of an identity in the sense that 


a(_i)l = l(_i)a = a , a(n)l = 0 , n > 0 . 

In particular, Y{a,z)l E V[[z]] is regular at z = 0, and its value at 
2 ; = 0 is equal to a. 

The main axiom for a vertex algebra is the Borcherds identity (also 
called Jacobi identity |FLM2j I satisfied by the modes: 


(2.3) 




(■ j {(^{n+j)b){k+m-j)c 


j=0 


n 




j=0 ^ 


where a,b,c E V. Note that the above sums are finite, because a{n)b = 0 
for sufficiently large n. 

We say that a vertex algebra V is (strongly) generated by a subset 
S' C V if V is linearly spanned by the vacuum 1 and all elements of 
the form ai(„p • • • afc(nj,)l, where k > 1, Oi E S, nt < 0. 
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2.2. Twisted representations of vertex algebras. A representa¬ 
tion of a vertex algebra V, or a V-module, is a vector space M en¬ 
dowed with a linear map Y{-,z)-: V ® M ^ M{{z)) (cf. fl2.ip . fl2.2p l 
snch that the Borcherds identity fl2.3l) holds for a,b E V, c E M (see 

Now let a be an antomorphism of V of hnite order r. Then a is 
diagonalizable. In the dehnition of a a-twisted representation M oiV 
[FFRl ID2] , the image of the above map Y is allowed to have nonintegral 
rational powers of z, so that 

Y (a, z) = a(„) z~^~^ , if cm = , p E -Z, 

where a(„) E EndM. The Borcherds identity (12.3p satished by the 
modes remains the same in the twisted case, provided that a is an 
eigenvector of a. An important conseqnence of the Borcherds identity 
is the locality property jPLllLi]: 

(2.4) {z-w)^[Y{a,z),Y{b,w)] = 0 

for sufficiently large N depending on a, b (one can take N to be snch 
that a(^n)b = 0 for n > N). 

The following resnlt provides a rigorons interpretation of the operator 
product expansion in conformal field theory (cf. [Goi IDM^ l in the case 
of twisted modules. 


Proposition 2.1 f [BMj b Let V be a vertex algebra, a an automor¬ 
phism of V, and M a a-twisted representation of V. Then 


(2.5) 


(^{z - w)^ Y (a, z)Y{b, w)c^ 


Y(a(jv-i-k)b,w)c 


for all a,b E V, c E M, fc > 0, and sufficiently large N. Conversely, 
(12.41) and (12.5p imply the Borcherds identity (12.3p . 


Recall from jFHLj that if Vi and V 2 are vertex algebras, their tensor 
product is again a vertex algebra with 

Y(vi (g>V2,z) = Y(vi,z) ®Y{v 2 ,z) , Vi EVi. 


Furthermore, if is a l^-niodule, then the above formula dehnes the 
structure of a {Vi ® V 2 )-niodule on Mi G) M 2 (see |FHLj ). This is also 
true for twisted modules. 


Lemma 2.2. For i = 1,2, let Vi he a vertex algebra, ai an automor¬ 
phism of Vi, and Mi a aMwisted representation of Vi. Then Mi® M 2 
is a (di ® a 2 )-twisted module over Vi®V 2 . 
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Proof. By Proposition I2.1[ it is enough to check (12.4^ and (12.dh for 
a = ai® 02 and h = 6i®given that they hold for the pairs Oi, G Vi 
and 02 , &2 £ ^ 2 - This is done by a straightforward calculation. □ 


2.3. Lattice vertex algebras. Let Q be an integral lattice, i.e., a free 
abelian group of hnite rank equipped with a symmetric nondegenerate 
bilinear form (-I-): Q x Q —>■ Z. We will assume that Q is even, i.e., 
lap = (a|a) G 2Z for all a E Q. We denote by f) = C 0^ Q the cor¬ 
responding complex vector space considered as an abelian Lie algebra, 
and extend the bilinear form to it. 

The Heisenberg algebra 1) = f)[f, © CiL is the Lie algebra with 

brackets 


(2.6) [Om, ^n] , Om at , 

where K is central. Its irreducible highest-weight representation 

on which iL = 1 is known as the (bosonic) Fock space. 

Following |FK1 IBlj . we consider a 2-cocycle e: Q x Q ^ {=tl} such 
that 


(2.7) £(a,a) = aGQ, 

and the associative algebra C^lQ] with basis {e°'}a£Q and multiplication 

(2.8) e“e^ = £(a,/3)e“+^. 

Such a 2-cocycle £ is unique up to equivalence and can be chosen to be 
bimultiplicative. In addition, 

(2.9) £(a,/3)£(/?,a) = (-!)(“'«, a, ^ E Q. 

The lattice vertex algebra associated to Q is dehned as Vq = © 

Ce[Q], where the vacuum vector is 1 = 1 © e°. We let the Heisenberg 
algebra act on Vq so that 

OnC^ = 5nfl{a\l3)e^ , n > 0 , a G f). 

The state-held correspondence on Vq is uniquely determined by the 
generating helds: 


( 2 . 10 ) 

( 2 . 11 ) 


2) ^ ^ a„ " L a€i), 


tlGX 


Y{e^,z) = e"^“°exp[^a. 


n<0 


-n 


expfy^g^ 


n>0 


-n 


where 
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Notice that C Vq is a vertex subalgebra, which we call the Heisen¬ 
berg vertex algebra. The map f) —)■ given by a i—)■ a_il is injective. 
From now on, we will slightly abuse the notation and identify a G f) 
with a_il G -F; then a(„) = a„ for all n G Z. 

2.4. Twisted Heisenberg algebra. Every automorphism a of f) pre¬ 
serving the bilinear form induces automorphisms of () and F”, which 
will be denoted again as a. As before, assume that a has a hnite order 
r. The action of a can be extended to 0 py letting 

a(ar) = , aiK) =K, a G f) , m G -Z . 

r 

The a-twisted Heisenberg algebra f)o- is dehned as the set of all a- 
invariant elements (see e.g. |KP( iLel IFLMlj ). In other words, 1)^ is 
spanned over C by iF and the elements am = at"* such that aa = 
g-27nm^_ This is a Lie algebra with bracket (cf. (12.bh ) 

[am,hn] = m5m-n{a\b)K, a, feGf), m,nG^Z. 

Let (respectively, f)^) be the abelian subalgebra of 1)^ spanned by 
all elements am with m > 0 (respectively, m < 0). 

The a-twisted Fock space is dehned as 

( 2 . 12 ) = Indk C = F(^<), 

where f)y acts on C trivially and K acts as the identity operator. Then 
Jv is an irreducible highest-weight representation of l)o-, and has the 
structure of a cr-twisted representation of the vertex algebra H (see 
e.g. |FLM2l [KRR] ). This structure can be described as follows. We let 
Y{l,z) be the identity operator and 

Y (a, z) = ^ an z~'^~^ , a G f), era = , p G -Z , 

n£p+Z 

and we extend T to all a G 1) by linearity. The action of Y on other 
elements of H is then determined by applying several times the product 
formula fl2.5p . More explicitly, H is spanned by elements of the form 
where a^ G 1), and we have: 

= n ^^1) • ■ ■ ^(«^ 


Zi = --- = Zh = Z 
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for all c G -Fo- and sufficiently large N. In the above formula, we use 
the divided-power notation = d'^/n\. 

2.5. Twisted representations of lattice vertex algebras. Let a 

be an automorphism (or isometry) of the lattice Q of hnite order r, so 
that 

(2.13) (cTa|(T/5) = (a|/3), a,/3EQ. 

The uniqueness of the cocycle c and fl2.13l) . fl2.9|) imply that 

(2.14) rj{a + I3)e{aa, al3) = ri{a)ri{/3)e{a, /3) 
for some function rj-. Q —)■ {±1}. 

Lemma 2.3. Let L be a sublattice of Q such that e(aa,a/3) = e(a,/3) 
for a,f3 & L. Then there exists a function rj: Q ^ {±1} satisfying 
fl2.14p and ri{a) = 1 for all a & L. 

Proof. First observe that, by fl2.7p and fl2.13|) . fl2.14p for a = /9, we have 
ri{2a) = 1 for all a ^ Q. Since, by bimultiplicativity, e{2a,(3) = 1, we 
obtain that rjifla + (3) = ri{l3) for all a, [3. Therefore, rj is dehned on 
Q/2Q. If oi, ...,«£ is any Z-basis for Q, we can set all rj^ai) = 1 and 
then rj is uniquely extended to the whole Q by fl2.14p . We can pick a 
Z-basis for Q so that diOi,..., dmCHm is a Z-basis for L, where m < i 
and di G Z. Then the extension of r] to Q will satisfy rj{a) = 1 for all 
a G L. □ 

In particular, rj can be chosen such that 

(2.15) rj{a) = l, a G Q fl f)o , 

where f)o denotes the subspace of 1) consisting of vectors hxed under a. 
Then a can be lifted to an automorphism of the lattice vertex algebra 
Vq by setting 

(2.16) a{an) = cr{a)m a{e°‘) = T]{a)e‘^°‘ , a G f), a G Q • 

Remark 2.4. The order of a is r or 2r when viewed as an automorphism 
of Vq, where r is the order of a on Q. The set Q of a G Q such 
that (T'’(e") = e" is a sublattice of Q of index 1 or 2, and we have 
(VqY’ = Vq. 

We will now recall the construction of irreducible cr-twisted Vq- 
modules (see [KPl iLel ID21 IBKj h Introduce the group G = x 
exp l)o X Q consisting of elements ce^Ua (c G C^, h G f)o, « G Q) with 
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multiplication 

ghgV ^ ^h+h' ^ 

UaUp Ua-\-i3 ; 

where 

fc=i 

Let 

= ^(koap - \a\^) , 

where tto is the projection of 1) onto l)o- Then CaC^ = 0^+0 and all 
Ca are in the center of G. We define Ga to be the quotient group 
G/{Go}o.^Q. 

Consider an irreducible representation f] of Go-- Such representations 
are parameterized by the set {Q*/QY of cr-invariants in Q*/Q, i.e., by 
\ + Q such that A G Q* and (1 — cr)A G Q (see [BKl Proposition 4.4]). 
Furthermore, the action of exp f)o on ^ is semisimple: 

^ hl/x) 

MSttoCQ*) 


where 

= {u G ff I ek = for h G f)o} • 

Then Jk is an irreducible cr-twisted Vg-module with an action 
defined as follows. We define Y (a, z) for a G 1) as before, and for a G Q 
we let 


(2.17) 

Y (e“, z) = exp 





(g) 


Here the action of is given by z'^°°‘v = for v G and 

(ttoCtIp) G ^Z. The action of Y on all of Vq can be obtained by applying 
the product formula (12.51) . 

By |BK1 Theorem 4.2], every irreducible cr-twisted Vg-module is ob¬ 
tained in this way, and every cr-twisted Vg-module is a direct sum of 
irreducible ones. In the special case when cr = 1, we get Dong’s Theo¬ 
rem that the irreducible pQ-modules are classified by Q*/Q (see [Dlj i. 
Explicitly, they are given by: 

foA+Q = -^®Q[Q]e\ 


AgQG 
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When the lattice Q is written as an orthogonal direct sum of sub¬ 
lattices, Q = Li © L 2 , we have a natural isomorphism Vq = Vl^ ® Vlj- 
The following lemma shows that if Li and L 2 are a-invariant, there is 
a correspondence of irreducible twisted modules (cf. |FHL] and Lemma 
1 ^. 


Lemma 2.5. Let Q he an even lattice, Q = Li©L 2 an orthogonal direct 
sum, and a an automorphism of Q such that a(Lj) ^ {i = 1,2). 
Set ai = o'\L^. Then every irreducible a-twisted Vq-module M is a 
tensor product, M = Mi © M 2 , where Mi is an irreducible ai-twisted 
VLi-module. 


Proof. This follows from the classification of irreducible cr-twisted Vq- 
modules described above. Indeed, Q = Li©L 2 gives rise to a decompo¬ 
sition of the Heisenberg Lie algebra as a direct sum f) = f)i©ii 2 - We also 
have a similar decomposition for the corresponding twisted Heisenberg 
algebras. Then for the twisted Fock spaces, we get Jv = ® 

Similarly, the group G is a direct product of its subgroups Gi and G 2 
associated to the lattices Li and L 2 , respectively. □ 

2.6. The case a = —1. Now we will review what is known in the case 
when cr = — 1, which will be used essentially in our treatment of the 
general case. In this subsection, we will denote the even integral lattice 
by L instead of Q. As before, let f) = C L be the corresponding 
complex vector space. 

Observe that l)o = 0, tto = 0, and we can assume that rj{a) = 1 for 
all a G L. Hence, the automorphism a acts on Vl by 

( 2 , 18 ) ^ (AL„., ■ ■ ■ 

for h* G [), © G Z>o and a G L. The group G consists of cUa (c G 
C^, a G L), and its center consists of cUa with a G 2L* O L. Then G^ 
is the quotient of G by {U~^U-Q}a&L- The twisted Heisenberg algebra 
is = \)[t,t~^]t^/‘^ © CiF. 

For any Go--module T, define where Jv is the twisted 

Fock space (cf. fl2.12p L By |D2j . every irreducible cr-twisted Hi-module 
is isomorphic to Vff for some irreducible Gcr-module T on which cUq 
acts as cl, where / is the identity operator. Such modules T can be 
described equivalently as G-modules, on which cUq = cl and Ua = U-a- 
The irreducible ones are determined by the central characters y such 
that x{Ua) = x{U-a) for a G 2L* fl L. We have: 

Ul = Uall-a = e{a, , 
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which implies that 

(2.19) xiUa) = ^ 

where s{a) G {±1} satisfies s{a + (3) = s{a)s{(3). All such maps s have 
the form 

s{a) = 

for some /x G {2L* H L)*. The corresponding central characters x wiH 
be denoted as and the corresponding Go--module T as T^. 

We define an action of a on by 

(2.20) a 

for h* G t), rii G I + Z>o and t E T. The eigenspaces for a are denoted 
V^’^. Then we have 

(2.21) a(Y(a, z)v) = Y{aa, z){av), a E Vl , v E V^', 

which implies that a is an automorphism of V^-modules. In partic¬ 
ular, are V^-modules. Similarly, we define an action of a on 

the untwisted Vi-Biodules W+l by fl2.18p for a G A -|- L. Note that 
fW+L ^ V-x+L- Hence, if A G L*, 2A G L, then the eigenspaces 
are V^-modules. On the other hand, if 2A ^ L, then Va+l = H_a+l as 
modules. 

Theorem 2.6 f [DNl lADj ). Let L be a positive-definite even lattice 
and a = —1 on L. Then any irreducible admissible V[-module is 
isomorphic to one of the following: 

1/^^ {XeL*,2XeL), Vx+l {XeL*,2X^L), Vf’^, 

where T is an irreducible Ga-module. 


Next, we will discuss intertwining operators between the irreducible 
V^-modules. For a vector space U, denote by 


U{z} = 


—n—1 


n£Q 


V(n) e U 


the space of t/-valued formal series involving rational powers of z. Let 
H be a vertex algebra, and Mi, M 2 , be H-modules, which are not 
necessarily distinct. Recall from jFHLj that an intertwining operator of 
/ Ms \ 

type is a linear map 3 ^: Mi®M 2 —)■ M 3 { 2 ;}, or equivalently, 

3^: Ml ^Hom(M2,M3){4, 

V H- y{v,z) = '^V^ri)Z 


, n(„) G Hom(M2,M3) 
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such that = 0 for n S> 0, and the Borcherds identity (12.dh holds 
for a G Id, 6 G Mi and c G M 2 with fc G Q and m,n G Z. The 

f M 3 \ 

intertwining operators of type fell'll ^ vector space denoted 

fusion rule associated with an algebra V and its modules 
Ml, Ab, M, is = dim V"f 

The fusion rules for V£ and its irreducible modules were calculated 
in |A11IADL] to be either zero or one. In order to present their theorem, 
we hrst introduce some additional notation. We assume that A G T* is 
such that 2A G L, and we let 

(2.22) = A,/iGL% 

(2.23) c^(A) = (-l)(^|2^)e(A, 2A)s(2A). 


For any central character y of Go-, let be the central character 
dehned by 

(2.24) xW(t^a) = (-l)(“'")x(^a), 

and set Note that when x = X^i and T = T^, we have 

= Xx+ii and = Ta+^. 

The following theorem is a special case of Theorem 5.1 from |ADL] . 

Theorem 2.7 ( [ADL] ). Let L he a positive-definite even lattice and 
A G T* n |L. Then for two irreducible V[-modules M 2 , M 3 and for 

f M 3 \ 

e G {±}, the fusion rule of type ( M ) equal to 1 if and only 
if the pair {M 2 , M 3 ) is one of the following-. 


(h)j+L, Vx+it+r), h ^ L*, 2fi ^ L, 

{V^Xl-> bA+/i+L)> T ^ L*, 2/1 G L, d G {±}, 62 = eie7rA,2At, 

(p-ATi^y^x >2^^ g 62 = c^(A)eie. 


In all other cases, the fusion rules of type 



are zero. 


3. Classification of irreducible modules 

In this section, we prove our main result, the classiheation of all 
irreducible modules over the orbifold vertex algebra Vq. As before, Q 
is a positive-dehnite even integral lattice and a is an isometry of Q of 
order 2. 
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3.1. The sublattice Q. The map a is extended by linearity to the 
complex vector space [) = C <S)z Q- We will denote by 

(3.1) 7r± = ^(l±a), a± = 7r±{a) 

the projections onto the eigenspaces of a. Introduce the important 
sublattices 


(3.2) T-i- — f)j- n Q, L — T_|_ © L_ C Q , 

where l)± = vr±([)). Note that fi = [)+©{)_ is an orthogonal direct sum. 

Lemma 3.1. We have a± G {L±)* C L* for any a E Q. 

Proof. Indeed, 


(a+l/9) = (a+ + a_|/3) = {a\j3) E Z 
for all a G Q, /5 G L+ C Q. 

Observe that 2a± E L± and |a±p = ||2a±p G for all a E Q. 

Lemma 3.2. For a E Q, the following are equivalent 
{i) (T^(e") = e", 

(n) |a±p G Z, 

{Hi) {a\aa) E 2Z. 

Proof. Note that 4|a±p = |q; ± aaj^ = 2|ap ± 2{a\aa), so that 


□ 


\a±\^ = -(alcxa) mod Z. 


This shows the equivalence between {ii) and {Hi). 

Using fl2.16p . we hnd (T^(e") = ri{a)r]{aa)e°‘. On the other hand, by 
fl2.9D . fl2.14p and fl2.15p . we have 

T]{a)T]{aa) = e{a, aa)e{aa, a) = (— 

This proves the equivalence between {i) and {Hi). □ 

From now on, we let 

(3.3) Q = {a E Q \ (a|cTa) G 2Z}. 

It is clear that Q is cr-invariant. 

Lemma 3.3. The subset Q is a sublattice of Q of index 1 or 2. 
Proof. For (3 G Q, we have 

{a — I3\aa — aft) = {a\aQ) + {f\af) mod 2Z , 


since 

{a\af) = {aa\a‘^f) = {f\aa). 
Now if a, ft E Q OT a, ft ^ Q, then a — ft E Q. 


□ 
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As a consequence of Lemmas 13.11 and I3.2[ we obtain: 

Corollary 3.4. The lattices 'Za± + L are integral for all a G Q. 

By definition, we have = Vq, and 

(3.4) V3 = {(VQfy = V|. 

Therefore, we may assume that |(t| = 2 on Vq and only work with the 
sublattice Q. For simplicity, we use Q instead of Q for the rest of this 
section. 


3.2. Restricting the orbifold Vq to V£. By |FHL[lLL] , we have that 
the subalgebra Vz, of Vq is isomorphic to the tensor product Vl+ (8) Vl_ , 
since L = L_|_ © L_ is an orthogonal direct sum. Note that a acts as 
the identity operator on L_|_ and as —1 on L_. Then V£ = © Vjf_ 

is a subalgebra of Vq. 

Proposition 3.5. Every Vq- module is a direct sum of irreducible V£- 
modules. In particular, Vq has this form. 

Proof. It is shown in Theorem 3.16 of |DLM2j that the vertex algebra 
Vl^ is regular, since L+ is positive dehnite. It is also shown in [A 2 [ 
IABD[ IDJLj that the vertex algebra V^ is regular. Since the tensor 
product of regular vertex algebras is again regular (Proposition 3.3 in 
|DLM2j ). we have that V£ = Vl+ © V^_ is also regular. □ 


In order to obtain a precise description of Vq, we will decompose Vq 
as a direct sum of irreducible modules over V£. This is done in two 
steps. The hrst step is to break Vq as a direct sum of lA-modules, 
using the cosets of Q modulo L. Since the lattice Q is integral, we have 
Q C L* and we can view Q/L as a subgroup of L*/L. It follows that 


'y-\-LGQ f L 


where each Vy+L is an irreducible V^-module |D1] . Writing 7 
we get 


Cy + L = ^7++L+ ® Py_+L_ 
as modules over Vl = VV+ © Vl_. Therefore, 


7++7-, 


(3.5) Vq = ^ ^7++L+ ® ^1-+L- 

'y-\-L^Q / L 

as VV-modules. Note that 7+ + L+ and 7_ + L_ depend only on the 
coset 7 + L and not on the representative 7 G Q, because a± G L± for 
a e L. 
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Since (T 7 _ = — 7 _ and 27 _ G L_, it follows that a acts on the Vl_- 
module The second step is to decompose each module 

into eigenspaces for a, which are irreducible as V^-modules |ADj . We 
thus obtain the following description of Vq. 

Proposition 3.6. The orbifold Vq decomposes as a direct sum of ir¬ 
reducible V[-modules as follows: 

( 3 - 6 ) 0 

'Y+LsQ/L 

Proof. Using fl3.5l) . it is enough to determine the subspace of ex- 
invariants in Uy^+L.,. 0 Uy.+L., for a hxed 7 G Q. As a U^-module, 5^ 
is generated by the element (cf. (12.161) h 

(3.7) Uy = + 7 ( 7 ) 6 ^"^ = 0 (e^' + h(7)e"^") e Uy++L+ 0 Uyl^+x, • 

Since Uyy+L+ 0 is an irreducible V^-module, it must be equal 

to S'y. □ 

From the study of tensor products in [FHH ILL] , all irreducible mod¬ 
ules over V[ = Vlj^ ® Vjf_ are tensor products of irreducible modules 
over the factors 1/^+ and Vff_. By the results of |D1] IDNl lAD] reviewed 
in Sections 12.51 and [231 we obtain that all irreducible V^-modules have 
the form: 

(1) Vx+L+ ® V),+L-, where A G /i G L*_, 2/i ^ L_, 

(2) Vx+L+ ® , where A G /i G LI, 2/i G L_, 

(3) Vx+L+ ® where A G L% 

and T is an irreducible module for the group G„ associated to the 
lattice L_. We refer to the U^-modules obtained from untwisted Vl- 
modules as orbifold modules of untwisted type and the ones obtained 
from twisted VL-niodules as orbifold modules of twisted type. 

3.3. Irreducible Modules over Vq. In this subsection, we present 
our main result, the explicit classiheation of irreducible Vq- modules. 
As a consequence, we will hnd all of them as submodules of twisted 
or untwisted Vg-modules. Recall that, by (13.4p . we can assume that 

Q = Q. 

Theorem 3.7. Let Q be a positive-definite even lattice, and a be an 
automorphism of Q of order two such that {a\aa) is even for all a G 
Q. Then as a module over V[ = V/^+®Ui7 each irreducible Vq- module 
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is isomorphic to one of the following: 

(3.8) ^ V^7++a+l+ <8 V^7_+/,+l_ (2/x ^ L_), 

(3.9) 0 0 CSi+i, (2f.eL_), 

7+LgQ/Tv 

(3.10) 0 0 Vf)’"’'- , 

7 +Z/GQ /L 

where A G p, G e G {±}, X Is a central character for the group 
associated to L_, and = eri{'y)cy-{'j-). 


Proof. Let W be an irreducible Vg-module. Then PL is a 1/^-module 
by restriction and, by Proposition 13.51 PL is a direct sum of irreducible 
1/^-modules. Suppose yl C PL is an irreducible P/^-module, and define 
^( 7 ) from A as follows. If 

A = Vx+L+ ® V;.+L_, Vx+L+ ® y^L-^ y^+L+ ® 

then 

7 ”' = 0 n+,_+i_, 0 

and 0 Vp 

respectively, where e G {±} and e..^ = e? 7 ( 7 )c^( 7 _). We will consider 
separately the untwisted and twisted types. 

Let y4 be of untwisted type, i.e., one of the modules V\+l+ ® yfi+i- 
for 2/i ^ L_, or P4+L+ ® yf+i. 2/i G L_. Let i? C PL be another 
irreducible P/^-module that is possibly of twisted type. By Proposition 
13.61 Vq is a direct sum of irreducible P/^-modules generated by the 
vectors from 03.71) . where 7 G Q. By restricting the held Y{v.y,z) 
to A and then projecting onto B, we obtain an intertwining operator 

of V^-modules of type (.. 17 ( 7 ) .V From the study of intertwining 

VW+L AJ 

operators in [SDL], we have that the intertwining operator Y{v.y,z) 
can be written as the tensor product 


Y{v^,z) = Y{e'^+,z) ®Y{e"‘- + 7 ( 7)6 '^", 2 :), 


L 


where Y(e"^+,z) is an intertwining operator of type ( 

VF7++L+ Fa+l+ 

and Y(e'^- + 7 ( 7 ) 6 “'’'“, z) is an intertwining operator of type 
V,'+L. 


y 


nil) 


7 _+L_ 


or of type 


t/±»?( 7 ) 

V+L- 


L 




di 

7_+L_ ''fj.+L 


V. 


. By (DEI, the fusion 
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rules for V(e'^+, z) are zero unless A' = A+ 7 +. Since 7 _ G and 

| 7 _P G Z, we have that 717 ., 2 /^ = 1 when 2/u G L_ (cf. fl2.22p h Hence 
the fusion rules for Y{e^- +ri{'y)e~'^-, z) are zero unless /r' = /r + 7 _, by 
Theorem 12.71 Therefore, for 7 + L G Q/L, we have B = Hence 
A Y W implies that ^■ Since W is irreducible, we 

obtain that 

W= 0 A^^K 

y-j-LGQ/L 

T i 

Now let A = Vx+L+ ® Vj^^’ and B CW he another irreducible V[- 
module that is possibly of untwisted type. As above, the field Yz) 

( B 

gives rise to an intertwining operator of V^-modules of type 


and can be written as the tensor product 
Y{v^,z) = Y{e'^+,z)®Y{e^- 


77 




- 7 - 


Vx'+L+ 

V-y++L+ Vx+L+ 


where Y (e^+, z) is an intertwining operator of type 
and Y (e'’'- + 7 ( 7 ) 6 “'’'“, z) is an intertwining operator of type 

, where e = c^{'y)ri{'y). As with the untwisted type. 


^L_ 


K 


vil) 


7_+L- 




the fusion rules for Y (e'’'+, z) are zero unless A' = A + 7 +. By Theorem 

T 

[221 the action of Y{e'^-, z) on is determined by computing C;;^( 7 _) 
(cf. 02.231) 1 and is zero unless x' = ■ Since the lattice Zy. + L_ is 

integral (by Corollary 13.4|) . the map 6 can be extended to this lattice 
with values ±1. Therefore 6 ( 7 _, 27 _) = 6 ( 7 _, 7 _)^ = 1 and 02.23|) 
becomes 67 ,( 7 -) = s( 27 _); see 02.191) . Hence the eigenspace of each 
summand in the Vg-module may change depending on the signs of 
each 1727 _. Therefore, B = A^'^ and 

IV = 0 A^^K 

j L 

This completes the proof. □ 


Theorem 3.8. Let Q be a positive-definite even lattice, and a be an 
automorphism of Q of order two such that (alcra) is even for all a G 
Q. Then every irreducible Vq- module is a submodule of a Vq-module 
or a a-twisted Vq-module. 

Proof. Let us consider hrst the untwisted case. By Theorem 13.71 any 
irreducible Vg-module W of untwisted type is given by 03.8p or 03.91) 
when considered as a V^-module by restriction. For a hxed 7 G Q, the 

















ORBIFOLDS OF LATTICE VERTEX ALGEBRAS 


17 


nonzero fusion rules for Y{e'^+,z) and , z) are equal 

to 1 and the intertwining operators in |ADLj are given by the usual 
formula fl2.1ip up to a scalar multiple. Using that 

( 7 |A + /i) - (a 7 |A + /i) = (27_|A + /r) = (27_|/r) e Z, 

we have that for some m G Z, 

Y{y^, = y (e'^ + 7 ( 7 ) 6 '"^, 

= ^U|a+m) + 7(7);7”^U(a7, , 

where 

_ ^ ^ \ / _ ^ \ 

j [Yl 

n<0 n>0 

contains only integral powers of 2 ;. This implies that (A + ply) G Z for 
all j E Q, i.e., A + p G Q*. Then for the untwisted Vg-module VA+At+Q, 
we have that 

AA+zi+Q ^^+A+/i+T 

')-\-L^Q j L 

- ^ U7++A+L+ <8 VA_+,i+L_ 

')-\-L^Q / L 


as a direct sum of irreducible Vi-modules. Using the intertwining op¬ 
erators in jXDL] . we see that fU is a submodule of the restriction of 
Ua+m+q to V^. 

Now we consider the twisted case. By Theorem 13.71 any irreducible 
Vg-module W of twisted type is given by fl3.10p when considered as a 
U^-module by restriction. Then, for 7 G Q, the nonzero fusion rules for 
Y (e'’'+, z) and Y (e'’'" -|- 7 ( 7 ) 6 “'^-, z) are equal to 1 and the intertwining 
operators in jADLj are given by the usual formula 02.171) up to a scalar 
multiple. Since these scalars can be absorbed in U^, we will have 02.171) 
without loss of generality. Therefore, the action of y(e'’',^) on W can 
be determined, so that its modes are linear maps 




A+L-j- 




7 +H-AH-L+ 


rpi~^ — 


(ee{±}). 


where = ec^(7)p(7) (cf. 03.101) 1. Hence the cr-twisted Vg-module is 
given by 

7+Z/GQ /L 

and its restriction to Vq contains lU. □ 
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4. Root lattices and Dynkin diagram automorphisms 

In this section, we present examples of the lattice Q being a root 
lattice of type ADE, corresponding to the simply-laced simple Lie al¬ 
gebras. We use the classihcation from |D1[ IDNt lAD] and the construc¬ 
tion of twisted modules from Section 12.51 to construct explicitly all 
irreducible Vg-modules. In each case, a correspondence between the 
two constructions is shown. In order to apply Theorems 13.71 and 13.81 we 
hrst calculate Q and L. Then the twisted lA-modules are found. When 
necessary, the intertwiners from |ADLj are used to construct the Vq- 
modules. The untwisted and twisted Vg-modules are calculated using 
{QY/Q its cr-invariant elements. For more details and additional 

examples, the reader is referred to 0. 

4.1. A 2 root lattice with a Dynkin diagram automorphism. 

Consider the A 2 simple roots { 01 , 02 }, the associated root lattice Q = 
Zoi -|- Z02, and the Dynkin diagram automorphism a: Oi -fA 02. The 
case of An root lattice for even n is similar and is treated in 0 - 
Set o = Oi -|- 02 and /3 = oi — 02 . Then 

|o| 2 = 2, |/3r = 6, (o|/3) = 0, 

and 

L+ = Zo , L_ = Z/3 , Q = L = Lj^ ® L_ . 

Therefore, 

Using the results of [FHLl IDll IDNj . we obtain a total of 20 distinct 
irreducible U^-modules: 



Uf +Za ® VY'p , 

® yt^^p ^ 

Uf +za ® 



Vza ® yi+7,/3 5 



Vf+Zo V^p^ 


where Ti,T 2 denote the two irreducible modules over the group Go- 
associated to the lattice Z/3. They are 1-dimensional and on them 
Up = ±i/64 by flTim . 

On the other hand, by Dong’s Theorem EB, the irreducible Vl- 
modules have the form Va+l {X + L E L*/L). If (j(A -|- L) = A -|- L, 
the module Va+l breaks into eigenspaces 1 a+l otherwise, a is 
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an isomorphism of V^-modules Va+l K-(a)+l- Thus, there are 12 
distinct irreducible V^-modules of untwisted type: 






V. 


I+L’ 




f+l+i’ 




2 -t- g -f-iJ 




f+f+i- 


The correspondence of these modules to those above is given by: 


Tmo+n/9+L — ^ma+L+ ® '^np+L— (^) ^ ^ Q) • 

Now we will construct the cr-twisted VL-modules using Section 12.51 
Consider the irreducible modules over the group associated to the 
lattice L. One finds that on them = ±i/64 and Ua acts freely. 
Hence, such modules can be identified with the space P = C[q,q~^], 
where Ua acts as a multiplication by q. Then on P we have: 

e™(°)=si, Ua = q^ = 

where the signs si,S 2 G {±} are independent. The corresponding four 
Go--Lnodules will be denoted as P(si,s 2 )- The irreducible cr-twisted Vl- 
modules have the form ^ PisuS2), where Jv is the cr-twisted Fock 
space (see fl2.12p ). Next, we restrict the cr-twisted VL-modules to V£. 
The automorphism cr acts on each P{si,s 2 ) the identity operator, since 

aiq-)=a{U:-l) = U:-l = qU 


We obtain 8 irreducible V/-modules of twisted type: 

Pa^P{suS2), Sl,S2e{±}, 

where are the ±l-eigenspaces of cr. We have the following corre¬ 
spondence among irreducible V^-modules of twisted type: 

■rt ® P(+.+} = ® v^-^, Ti 0 p,_,+) V'l+Za ® V'5'*, 

V* ® r’(+,-) = '4« ® Up, U ® T-.-) = ® vlp. 


4.2. A 2 root lattice with the negative of a Dynkin diagram au¬ 
tomorphism. Consider now the negative Dynkin diagram automor¬ 
phism (j) = —a. Keeping the notation from the previous subsection, we 
have: L_|_ = Z/3, L_ = Za, and 

V* = ® ly,. 

Furthermore, L+/L+ = Zf/Z,9 and (Ll/L.)* = Lt/L. = Zf/Za. 
Thus, using the results of |FHL1 IDll IDNj . we obtain a total of 48 
distinct irreducible Vg-modules: 
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where i = 0,..., 5 and j = 1, 2. 


4.3. ^3 root lattice with a Dynkin diagram automorphism. 

Consider the ^3 simple roots a 2 , o.^}, the root lattice Q = Zoi + 
Za 2 + and the Dynkin diagram automorphism a: ai -fA 03 , 

02 tA 02 - The case of An root lattice for odd n is similar and is 
treated in 0 - 

Set a = oi + 03 and (3 = ai — 03 . Then Q = Q and 

L+ = Za + Zq!2 , L- = , Q/L = {L, ai + L} . 

Hence, by Proposition 13.61 

VJ = (m ® Vi) ® (rf+i* ® 

It follows from Theorems 12.71 and 13.71 that the irreducible Vg-modules 
are given by: 

(m ® Vi) © , 

(n* ® ® Vi) , 

(rs+L+ ® D+z^) © (Vsi+i+i^ ® 

(Vz+ ® Vi' ) © (V|+L+ ® ) > 

(n* ® © (V|+i, ® vg'p, 

where Up = (—1)-^/16 on Tj for j = 1, 2 (see fl2.19l) ). 

On the other hand, by Dong’s Theorem imi. the irreducible Vg- 
modules have the form pA+g (A -|- Q G Q*/Q)- We have 

Q*/Q ~ {Qi -^1 T Qy 2 Ai -|- Q, 3Ai -|- Q} , 


where 

Ai = —( 3 ai -|- 2tt2 + 03) • 


Note that Q and 2Ai + Q = ^ + Q are cr-invariant, while ct(Ai + Q) = 
3 A 1 -I-Q. Thus, there are 5 distinct irreducible Vg-modules of untwisted 
type: 






We have the following correspondence: 

D = [Vl, ® Vii © (14+z, 


* 


■ 


vLo = (n* ® vt^^i © (v,+z. ® Vi) . 

^Ai+Q = (V^+L^ ® + ® ^l+z/3) ■ 
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We now construct the cr-twisted Vg-modules using Section 12.51 Con¬ 
sider the irreducible modules over the group G^j associated to the lattice 
Q. We hnd from fl2.19l) that on them Up = ±1/16, and there are two 
such modules, Pi and P 2 , corresponding to Up = —1/16 and Up = 1/16, 
respectively. For both j = 1, 2, we can identify Pj = C[q, so 

that 

U^,=q, =p(-ir^. 

Then on Pj we have: 


= (7o = (-lCV. = 

The automorphism a acts on each of these modules: a is the identity 
operator on Pi, while on P 2 we have a = (—1)^^. Hence, P 2 decom¬ 
poses into two eigenspaces P 2 with eigenvalues ±1. The irreducible 
(T-twisted Vg-modules have the form 0 Pj for j = 1,2, where P„ 
is the (T-twisted Fock space (see fl2.12p b Since P„ itself decomposes 
into ±l-eigenspaces of cr, we obtain 4 distinct irreducible Vg-modules 
of twisted type: 

0 Pi)"^ = 0 , 

(-P. 0 P2)^ = ® P 2 +) 0 {P^ ® P 2 ) • 

We have the following correspondence: 

(T, 0 P,)* = (14 ,0 © (ra+i, 0 . 

(T, 0p)* “ (14,0 @ (r.+t, 0 v-g’T), 

4.4. A 3 root lattice with the negative of a Dynkin diagram au¬ 
tomorphism. Consider now the negative Dynkin diagram automor¬ 
phism, (j) = —a. With the notation from the previous subsection, we 
have: 


Tp = 


+ — 1 


L_ = Za + Zq'z , (L'_/LP* = L:/L_ , 


V* = 0 VP_) © 0 V+). 


and 
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By Theorem 13.71 the irreducible Vg-modules of untwisted type are 
given by: 

(f 4/3 ® vt) e ® ^f+L_) > 

(14/3 ® y^+L.) ® (^i+z/3 ® yt), 

{y^+'zi3 ® y^+L-) ® {y^+z(3 ® ’ 

(^l+Z/3 ® y^+L.) ® ® ^l+L-) ’ 

and the ones of twisted type are: 

0 ifJ*) ® ® v7‘'*). 

® h’Jp. 

4.5. Dn root lattice with a Dynkin diagram automorphism. 

Consider the Dn simple roots {oi,..., On}, where n > 4, the root 
lattice Q, and the Dynkin diagram automorphism a: On-i ^ ctn and 
Oj ■(-)■ Oj for i = l,...,n — 2. This case is similar to the ^3 case 
discussed in Section 14.31 so we will be brief (see 0 for details). 

Set a = On-i + ctn and (3 = On-i — an- Then 

n—2 

L+ = Zo + Zoj, L_ = Z/9 , Q = Q , 

i=l 

and 

Q/L = {L, On-i + -f"} • 

Hence, by Proposition 13.61 

vs = (u, ® Ut) ® +1+ ® r|/.z„). 

By Theorems 12.71 and 13.71 the irreducible Vg-modules are given by: 

(f4+ o 14 ^) e (Vf+L+ ® yi+j^p) > 

( 14 + o ® {y^+L+ ® yip ), 
iy^a+e+L+ ® y^+zp) ® {y^Q+0+L+ ® y^+zp) ’ 

® ® 45®), 

(4^, ® 43®) © (4.+^, © , 

I n —3 I 

where 6 = \ X^i=o ^ 0 : 2 /+! and Up = (—1)416 on Tj for j = 1, 2. 

On the other hand, note that 

Q*/Q = ^ + Qj -^n-l + Q, An + Q| , 
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where 

A„_i = — + 2 a 2 + • • • + (n — 2 )q ;„_2 + -nan-i + 2 ~ 2)an^ 

and Xn = cr(A„_i). Using Dong’s Theorem |Dlj . we obtain 5 distinct 
irredncible Vg-modules of nntwisted type: 

We have the following correspondence: 

V| (n, ® r±) ® , 

U+o - hit ® ® (r,+it ® yit ). 

Vxn-i+Q = (hA^Q,+0+L+ • 

We now construct the irreducible a-twisted Vg-modules using Sec¬ 
tion [231 There are two irreducible Gcr-modules, Pi and P 2 , and both 
can be identihed with ... ,Pn-i] as vector spaces. The action of 

Go- on Pj is determined by: 

* = !,...,n-2 , 

Uan-i Pn—1 ) ^On ( 1)^ Pn—1 i 

U„ = (-l)J+‘4pLi, Uf = . 

The automorphism a acts as the identity operator on Pi, and as (—1)'^^ 
on P 2 . We obtain 4 distinct irreducible Vq- modules of twisted type: 

© Pi , (P. © P 2 )^ = {P^ © P2+) © {P^ © P2-) , 

and we have the following correspondence: 

(-F, ® Pi)* = (Vl, ® vg'*) © ® , 

(p, 0 Pn)* - (Vi^ ® ® , 

4.6. Pg root lattice with a Dynkin diagram automorphism. 

Consider the Eq Dynkin diagram with the simple roots {oi,... jOg} 
labeled as follows: 


Og 


0^1 - Q.2 - 0^3 


Os 


0.4. 
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Let Q be the root lattice, and a be the Dynkin diagram automor¬ 
phism y-)- Q! 5 , Q !2 ^ 4 , with hxed points 0^3 and a^. Set 

= CXi O5 , = CX\ — 05 , = 0.2 d" (44 , = O2 — 04 • 

Then we have: Q = Q, 

L+ = -|- Zas -|- Zag , L_ = Z/3^ + Z/9^ , 


and 


Q/L — {L, oi -|- L, a2 + L, 0:4 -|- 0:2 + L} . 
Hence, by Proposition 13.61 





There are 3 distinct irreducible Vg-modules of untwisted type: 

ffi (Vf+L, ® ® y^^J • 

(14, ® ® r ® (Lf® d+f+L-) 

® (Dllai+i^ ® E»+eM+i_). 


where fi 2 = + 2/3^). To describe the ones of twisted type, notice 

that the group associated to L_ is abelian and its characters y are 
determined by xiPpi) where i = 1,2. The latter are given by fl2.19p 
with sp) = Si G {±1}. Thus we obtain 8 distinct irreducible Vq- 
modules of twisted type: 


( 14 ^ <8) © {V^ 


^+L+ 

® i^^+L+ 




T/©.±S2 

^L- 


) ©(14 


-+L+ 




We now describe the irreducible a-twisted Vg-modules using Section 
0 The irreducible modules over the group Ga associated to Q can 
be identihed with the vector space P = qp], so that: 

4ai=gi(-l)^, = g2(-l)^ , 

a 

^^3 = , Uae=qi. 
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In fact, there are 4 such modules depending on the signs of Upi] for 
each Si,S 2 G {±1}, we have: 

Uai = -S2g2(-1)^ , = -Sigi(-l)^ , 

2 1 
1 U Si ^ „ • 

lo 

The corresponding Go--module will be denoted where x = (si,S 2 ). 
The automorphism a acts on Py. by: 

(T{qi) =-SiQi, i = l,2. 

The irreducible cr-twisted Vg-modules have the form P^<^Py, and they 
give rise to 8 irreducible Vq- modules of twisted type: 

{p„<S)Py)^, X=(Si,S2), Si,S2e{±l}. 

They correspond to the above modules of twisted type with the same 
characters y. 
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